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Multipoint Inverse Design Method for Transonic Wings

Hyoung-Jin Kim,* Chongam Kim," and Oh-Hyun Rho*
Seoul National University, Seoul 151-742, Republic of Korea

A new multipoint inverse design method to improve aerodynamic performance of transonic transport wings
at off-design conditions is demonstrated. We minimized weighted averages of the residuals that are differences
between computed and target pressures at two design points. Target pressure distributions are optimized using
a genetic algorithm. It was found that characteristics of single-point design wings were transferred to dual-point
design wings proportionally to weighting factors. Through the dual-point design procedure, off-design performance
of a single-point design wing is improved while preserving good performance at the primary design point. The
present dual-pointdesign procedure requires about 12 times the computational cost of a flow solver and is, therefore,
very efficient for the multipoint design of transonic wings.

Nomenclature
A = normalized wing section area (area/c?)
C,, Cp, = wing lift and wave drag coefficient
Cpi, C,c = targetand computed pressure coefficient
c = wing section chord length
t/c = maximum thickness-to-chordratio of a wing section
n = semispan fraction, 2y/b
Aip = sweep angle of 2 chord line
Subscript
0 = value of the baseline wing

Introduction

ITH the advancesin computationalfluid dynamics,computa-

tional design methods in the aerodynamic design of aircraft
components are more important than ever before. Computational
methods in aerodynamicdesign can be categorizedinto two classes:
direct numerical optimization methods and inverse design methods.
Inverse design methods are much faster and more efficient than di-
rect numerical optimization methods. However, there are several
issues to be resolved in inverse design methods.

First, inverse design methods require aerodynamic designers to
specify a target pressure distribution producing improved aerody-
namic performancesand satisfying structuraland manufactural con-
straints. Although experienced aerodynamicists can identify desir-
able flow characteristics,for example,reducedshock strengthand/or
elimination of flow separation, it is not a trivial task to develop a
target pressure distribution that will provide these benefits while
maintaining other aerodynamic constraints such as lift and pitching
moment. To overcome this defect, several researchers have been
investigating the numerical optimization of the target pressure for
inverse designs of transonic airfoils'~ and wings.*

Van Egmond' developed a target pressure optimization method
and applied it to transonic and subsonic airfoil design cases. Aero-
dynamic shape functions were defined for a parameterization of
the pressure distribution. He pointed out that the target pressure
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optimization problem is strongly nonlinear and exhibits discontin-
uous derivatives for the objective as well as constraint functions.
This motivated the use of genetic algorithms (GA) in target pres-
sure optimizationproblems. Obayashi and Takanashi® applied a GA
to the target pressure optimization for transonic and subsonic wing
section designs. They used the B-spline interpolation method for a
parameterizationof the target pressure distribution. Kim and Rho®*#
also applied a GA for the target pressure optimization for transonic
airfoils® and wings.* They considered three-dimensional features
such as wing loading distributionand a shock sweep angle or isobar
line sweep angles for a successful design of transonic wings.*

Second, inverse design methods are basically single-pointdesign
methods because the target pressure distribution will be matched
at a given design condition. This may cause troubles in applying
inverse methods to multipoint design problems. The single-point
design approach does not guarantee good performance at off-design
conditions,>~3 and thus multipoint designs are essential for better
aerodynamic performances under wider flight conditions.

Direct optimization methods have a strong point over inverse
methodsin the versatility of performing multipointdesign problems.
However, direct optimization methods require too much computa-
tional time for practical multipoint design® compared with inverse
methods.® Recently, an adjoint method that requires much less com-
putational time to calculatedesign sensitivitiescompared with other
direct optimization methods was applied to a multipoint transonic
wing design of a business jet configuration.’

Unlike direct optimizationmethods, itis not so straightforwardto
apply an inverse method to multipoint design problems, and some
manipulations are needed to devise purely inverse design methods.
Mineck et al.® applied an inverse design method to dual-point de-
signs of transonic airfoils. They used two procedures: airfoil shape
averaging and target pressure averaging, with an assumption that
aerodynamic properties vary linearly with the weighting factor of
airfoil shape averaging. It was found that the former procedure
worked better for the specified design problem.

Kim and Rho® applied a hybrid inverse optimization method® to
the multipointdesign of transonic airfoils. A new objective function
is defined as a weighted average of residuals that are differences
between computed and target pressures at both design conditions,
and the function is minimized by an optimization technique. It was
also shown thata dual-pointdesignairfoil minimizing the weighted-
average of residuals demonstrates better performances than those
obtained by shape averaging of single-pointdesignairfoilsat design
conditions. A similar concept was also applied to the rotor blade
design in forward flight condition by Tapia et al.?

The presentpaperdescribesa new dual-pointdesignprocedurefor
transonicwings using aninversedesign method. Target pressuresare
optimizedatbothdesignconditionsby a targetpressureoptimization
code* with a GA. A wing geometry is then obtained that minimizes
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the weight-averaged residual and satisfies geometric constraints
through the hybrid inverse optimization method.

Following this introduction,a brief review of the flow solver used
is given. The multipoint inverse design procedure and target pres-
sure optimization method are presented in detail, followed by two
examples of transonictransportwing design. Based on the computed
results, we draw conclusions.

Flow Analysis

A three-dimensional Navier-Stokes solver developed and val-
idated in Refs. 4 and 10 is used for the flow analysis. Three-
dimensional Reynolds-averaged thin-layer Navier-Stokes equa-
tions in generalized coordinates are used in the conservation form
based on a cell-centered finite volume approach. Roe’s flux differ-
ence splitting scheme is adopted for the space discretization, and
the MUSCL approach with a Koren flux limiter is employed to
obtain a third-order accuracy. Yoon and Jameson’s Lower-Upper
Symmetric Gauss-Seidel method is used for the time integration.
Turbulence effects are considered using the Baldwin-Lomax model
with a relaxation technique.

We used a C-O type of grid systemaround a wing with 135 points
in the streamwise direction, 41 points in the normal direction, and
30 pointsin the spanwisedirection. Althoughsomewhat coarse grids
are used, it is shown in Ref. 4 that this grid system captures accurate
surface pressure distributions and gives comparable aerodynamic
coefficients with the results of fine grids.

The residual of the flow solver is reduced by three orders of mag-
nitude from the freestream value in the inverse design procedures
and by four orders to obtain the aerodynamiccoefficients of the final
wings.

Multipoint Inverse Design Procedure

We used a three-dimensionalinverse design code” that adopts the
following Modified Garabedian-Mcfadden (MGM) equation'! to
solve an inverse problem at chordwise wing sections:

FoAz + FiAz, + F, Az = R, (R=C,,—C,.) (1)
where R is the residual that is the difference between the target
and computed pressure, and coefficients Fy, F, and F, are nonneg-
ative constants chosen to provide a stable iterative process. In this
study, the coefficients of the derivative terms are determinedby local
flow conditions on the body surface. If the local flow is subsonic,
the coefficient F of the first derivative term is set to zero. Other-
wise, the coefficient F, of the second derivative term is set to zero.
In either case only two out of the three terms on the left-hand side
remain. Then the MGM method becomes similar to the direct iter-
ative surface curvature method.'> The switching Mach number was
set to 1.1/sin A/, (=1.17) by applying the simple sweep theory.
The MGM equationis then solved using a finite difference scheme.
A discretized MGM equation forms a tridiagonal system and can be
written as

[M1{Az} = {R} 2)

The detailed expressions for elements of matrix [M] are given by
Malone et al.'!

An objective function is defined as follows to solve Eq. (2) with
an optimization technique:

F(Az) = Y[M1{Aaz) — (R} 3)

An exterior penalty function method is used to specify geometric
constraints, and a conjugate gradient method'? is utilized to min-
imize the objective function of Eq. (3). The computational time
required to calculate the objective functionand its derivativeis neg-
ligible compared with the time required by the flow solver.

The preceding method, developed by Santos and Sankar,? is re-
ferredto as the hybrid inverse optimizationmethod becauseit solves
an inverse design problem with an optimization technique.

Initial Wing
Grid Generation

Flow Solver
At Design Point 1] At Design Point 2

Residual Residual
Target Cp1 Calculation | | Calculation Target Cp2

Minimization of
Object Function

Geometry
Constraint

Grid Modification
Yes
Designed Wing

Fig. 1 Flowchart of dual-pointinverse wing design.

To perform a dual-pointdesign, the following objective function,
which averages the two objective functions at two design points as
defined in Ref. 3, is to be minimized:

F(Az) = (w/D)|IM1{Az} — {R}}?

+ (1 —w) /2 [Ma1{AZ} — {R>}? 4)

where w is a weighting factor, which can vary from O to 1. A weight-
ing factor of 1 corresponds to a single-pointdesign at design con-
dition 1, and a weighting factor of 0 corresponds to a single-point
design at design condition 2.

Figure 1 is the flowchart of the dual-point transonic wing design
procedure. Target pressures are optimized with a GA for given two
flow conditions and constraints. Vertical displacements of design
section grid points are then obtained that minimize the objective
function [Eq. (4)] and satisfy geometric constraints. Design sec-
tions are updated and fitted to a 10th-order polynomial to produce a
smooth section shape with continuous first and second derivatives.
Wing section shapes other than the design sections are interpolated
from the design sections by the C-spline method inboard and by
the linear interpolation outboard. Because drastic changes on the
wing section geometry are not expected, the grid points around the
wing are modified algebraically. This design cycle is repeated until
geometric modifications are sufficiently small.

One can extend the present dual-pointdesign procedureto a more
general multipoint design problem by simply adding more residual
terms in the objective function of Eq. (4). Because the number of
weighting factor increases in that case, one should be careful in
selecting a combination of weighting factors.

Although we adopted a target pressure optimization approach
and an inverse design method in this study, one may use a surface
pressure distribution of a single-point design wing by a direct op-
timization method as a target pressure distribution. The weighted
average of residuals can also be minimized by a direct optimization
technique.

Target Pressure Optimization

We utilized a target pressure optimization code developed by
the authors* for the optimization of target pressure distributions at
given design conditions. Figure 2 shows a characteristic surface
pressure distribution defined by eight control points for a typical
transonic wing section. Aerodynamic shape functions are used to
interpolatebetween these points. Locations, the local Mach numbers
of characteristicpoints, and coefficients of shape functions are used
as design variables. We employed 15 design parameters for a design
section. Because three design sections are selected in this study, the
total number of design variables is 45.

The target pressure can be generated at each design section of
a wing in a two-dimensional manner. However, three-dimensional
characteristics, such as spanwise wing loading distribution and
shock sweep angles or isobar line sweep angles, are considered
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Fig. 2 Schematic representation of target pressure distribution.

in the target pressure optimization code for a successful design of
transonic wings.

The objectiveof the target pressure optimizationin this study is to
obtain a target pressure distribution that has a minimum wave drag,
while the lift and the section maximum thickness remain almost the
same as the baseline wing. The wave drag can be minimized by
decreasing shock strength and by maximizing a shock sweep angle.
The spanwise wing loading is specified as an elliptic distributionto
reduce the induced drag. The optimization problem is then defined
as follows:

Minimize Cpu (5)

subject to 1) elliptic wing loading distribution, 2) #,/c — 0.001 <
t/c<ty/c+0.001,and 3)dC,/d(x/c) <2.3.

The third constraint on the pressure gradientis specified to avoid
flow separationat pressurerecovery regions. Some other constraints
were also imposed to obtain a reasonable pressure distribution.

In the present study on dual-point inverse designs, one of major
concerns is to maintain the consistency of the two target pressure
distributions optimized at two different design conditions. Incon-
sistency of the two target pressure distributions can usually occur
around the leading edge and on the lower surface of a wing section.
We alleviated this problem by specifying additional constraints that
the pressuredistributionon the lower surface and around the leading
edge should be similar to that of the baseline wing.

All the constraints were included in the objective function as
penalty function terms multiplied by proper weighting factors. To
minimize the objective function, we utilized the Genocop code,'*
which adopts a GA. Readers are referred to Ref. 4 for further details
of the target pressure optimization.

Results and Discussion

The baselinewing in this design study is the W7850 wing that was
designed in Ref. 4 with M, =0.78, C, =0.50, and Re =7 x 10°
based on the root chord length. The leading-edgesweep angle of the
baseline wing is 27 deg, and the aspect ratio is 8.49. Chord length
ratio of wing tip to root is 0.266, and chord length ratio of wing
trailing-edgekink position to root is 0.58. Thickness-to-chordratio
of the section airfoil is 15% at the root and 11% at the kink and
tip. The twist angle is 4 deg. The planform and twist angle of the
baseline wing are kept constantin the design process. Three design
sections are selected at n=0.057, 0.343, and 0.918. The second
design section is at the kink position.

In the following design examples, design condition 1 is M, =
0.78 and C, =0.50 with Re=7 x 10° based on the root chord
length. Design condition 2 is selected as a higher Mach number
or a higher lift coefficient than the first design condition. Although
the aerodynamic performance of the baseline wing is very high at

designcondition 1, itrapidly decreasesas the flow conditionchanges
from design condition 1 to 2. The objective of the following design
examples is to improve the performance of W7850 at design condi-
tion 2 while preservingits high performance at design condition 1.
This objective can be interpreted as follows:

(L/D),

K =(L/D), —095(L/D); >0 6)

Maximize
subject to

A small value of K means a rapid decrease of L /D value, whereas a
larger K means a slow decrease as the flow condition changes from
design condition 1 to 2.

Geometric constraintson design section areas are specified in the
inverse design code to make the sectionareas of design wing similar
to those of the baseline wing (W7850) as follows:

0.0900 = Ag4 =< 0.0920, 0.0708 = A4 < 0.0720

0.0708 < Ayg; = 0.0720 )

Other geometricconstraintssuch as maximum thicknessand nose
radiuscan alsobeimposedin the inversedesigncode. However, such
constraintswere specified only in the target pressure generationlevel
and were not specified in the inverse design code explicitly.

Design Example I (Mach Design)

The freestream Mach number M, of design condition 2 is in-
creased to 0.80 with other conditions unchanged from those of de-
signcondition 1. Target pressuredistributionsare optimizedby a GA
with 200 population and a maximum generation number of 1500.

With the optimized target pressures at the design sections, a
single-point design is conducted at design condition 2 to ob-
tain W8050, which represents a wing designed at M, = 0.80 and
C; =0.50. Dual-pointdesigns are then conducted for three weight-
ing factors: 0.25, 0.50, and 0.75. In both single- and dual-point de-
signruns, the inverse design routine was stopped after 10 iterations.

It takes about 1.5 times the computational cost of a flow analysis
to conduct a single-point design, and about 3 times the computa-
tional cost of a flow analysis to obtain the final wing geometry for
each of the three chosen weighting factors.* Hence, it requires about
12 times the costof a flow solverto conducttwo single-pointdesigns
and three dual-pointdesigns. This implies that the present approach
is very efficient compared with a direct optimization method® in
which more than 60 flow analyses were required for a dual-pointde-
sign of a two-dimensional transonic airfoil with 16 design variables.

The aerodynamicperformances of the design wings are presented
in Table 1. The value of K increases as the weighting factor de-
creases, meaning that the lift-to-dragratio decreasesmore slowly for
smaller weighting factors as the Mach numberincreases. This shows
that the characteristics of the single-point design wings are trans-
ferredto the dual-pointdesign wings proportionallyto the weighting
factors.

In this example the design wing with a weighting factor of 0.75
yields the optimum solution among the five wings for the optimiza-
tion problem of Eq. (6) because it has a positive value of K and the
largest value of (L /D),. If more weighting factors are introduced,
one would have more chances to find a better wing at the cost of
computational time.

Table 2 compares section areas and maximum thickness ratios
of the design wings. Area constraints were imposed in the inverse

Table 1 Mach design results (Mo 1 = 0.78,
Mo 2 =0.80, Cr = 0.50)

w (L/D)] (L/D)z K?

1.0 (W7850) 23.89 21.99 —0.7055
0.75 23.89 22,77 0.0745
0.50 23.63 23.03 0.5815
0.25 23.65 23.13 0.6625
0.0 (W8050) 23.76 23.30 0.7280

*K[=(L/D) —0.95(L/D);].
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Table2 Mach design: section areas
and maximum thickness ratios

A (t/c) x 100, %
Wing ds1? ds2 ds3 dsl ds2  ds3
W7850  0.0920 0.0720 0.0720 13.4 109 11.1

W8050  0.0899 0.0720 0.0717 13.0 109 10.8
w=0.75 0.0910 0.0721 0.0720 13.3 10.9 11.0

“Design section, ds.

0 0.25 0.5 0.75 1
x/c

Design section 1 ( = 0.057)

0 0.25 05 0.75 1
x/c

Design section 2 (n = 0.343)

.
) 0.25 0.5 0.75 1
x/c

Design section 3 (n = 0.918)

Fig. 3 Mach design result: Surface pressure and section airfoil shape
at design condition 1 (M =0.78 and C;, = 0.50).

design code, whereas the maximum thickness constraints were im-
plicitly specified in the target pressure distributions. Because the
area constraints are closely related to the maximum thickness con-
straints, one can hardly satisfy the area constraints if the thickness
constraints are not properly imposed in the target pressure distribu-
tions. All the design sections satisfy the area constraints of Eq. (7).
The maximum thickness ratios of the design wings are successfully
controlled such that they are similar to those of the baseline wing
(W7850).

Figure 3 shows pressure distributions at design condition 1 and
wing section shapes at each design section. W8050 has a weak
shock at designsection 2, whereas the Mach design wing has similar
pressure distributions to W7850. Pressure distributions at design
condition 2 are presented in Fig. 4. W8050 has almost identical
pressure distributions with target pressures. W7850 yields a strong
shock on the upper surface, which is reduced by the Mach design.

Overall feature of the design results can be seen in Fig. 5. W8050
has a smaller shock sweep angle than the other two wings at design

o4 --- Wso050
| —— Mach design{w=0.75)
) S R R S
0 0.25 0.5 0.75 1

x/e
Design section 1 ( = 0.057)

o o Target
w8050
—— Mach design{ w =0.75)

P RS S R L1 L
o] 0.25 0.5 0.75 1
x/c

Design section 2 (n = 0.343)

o o Target
-—-- W8050
— Mach design{w=0.75)

A B SRR
0.5 0.75 1
x/c

Design section 3 (n = 0.918)

I -
0 0.25

el

Fig. 4 Mach design result: surface pressure at design condition 2
(Mw =0.80and Cr. = 0.50).
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A \,\ )

W7850 Mach Design(w=0.75)
Meo = 0.80

Fig. 5 Mach design result: upper surface pressure contours at C;, =
0.50.
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W8050 .
Mach design (w=0.75)

&

215

21.0

RN R R R RN R R L

20 e e b b b e 0 4
(f775 0.780 0.785 0.790 0.795 0.800 0.805
M-

Fig. 6 M vs L/D curves at Cy, = 0.50.

point1 (M., = 0.78). On the other hand, W7850 has a strong shock,
and the Mach design wing has a weaker shock than W7850 at design
point 2.

Off-design performances of design wings are shown in Fig. 6.
Compared to W7850, the lift-to-dragratio of the Mach design wing
is substantially improved at the Mach numbers higher than 0.78.

Design Example II (« Design)

The objective of the second design example is to improve an
off-design performance of W7850 when the lift coefficient is in-
creased by 0.10. The design condition 1 is the same as in design
example I. Flow conditions at design condition 2 are C; =0.60,
with other conditions fixed. The incidence angle « is increased to
obtain a lift coefficient of 0.60.

The targetpressuredistributionsof both designconditionsat three
design sections are optimized with the same objectives and con-
straints as in the first design example. The GA is also run with the
same number of population and maximum generation.

With optimized target pressure distributions, the dual-point in-
verse design code was run for three weighting factors: 0.25, 0.50,
and 0.75. The aerodynamic performance of design wings for these
weighting factors are presented in Table 3. As in the Mach design
case, the value of K increases as the weighing factor decreases,
which indicates again that the lift-to-drag ratio decreases more
slowly for smaller weighting factors as the lift coefficient goes up.

In this case the optimum wing for the optimization problem of
Eq. (6) among the five wings is a design wing with a weighting
factor of 0.75, which has a positive value of K and the largest value

P BT SR
~0 0.25 0.5 0.75 1
x/c

Design section 1 ( = 0.057)

--- W7860
—— alpha design(w=0.75)

~0 0.25 05 0.75 1
x'c

Design section 2 (7 = 0.343)

Y] 0.25 0.5 0.75 1
X/t

Design section 3 ( = 0.918)

Fig. 7 Angle o design result: surface pressure and section airfoil shape
at design condition 1 (M = 0.78 and C;, = 0.50).
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Table 3 Angle « design results (Mo =0.78,
Cr1 =0.50,Cr, = 0.60)

w (L/D); (L/D), K
1.0 (W7850) 23.89 22.48 —0.2155
0.75 23.89 2291 0.2145
0.50 23.66 22.70 0.2230
0.25 23.79 22.87 0.2695
0.0 (W7860) 23.73 23.10 0.5565
1 -
Cp [

o o Target

- ==~ W7850
— alpha design{ w=0.75)

0.5

0 0.25 0.5 0.75 1
x/c

Design section 1 ( = 0.057)

L P I N W N SR S SRR N L
0 0.25 05 0.75 1
x/c

Design section 2 (7 = 0.343)

058 --- W7850
b —— alpha design(w = 0.75)
D
D
4 AT R SRR I ST R
0 0.25 0.5 0.75 1

x/c
Design section 3 ( = 0.918)

Fig. 8 Angle o design result: surface pressure at design condition 2
(Ms =0.78 and Cy, = 0.60).

of (L/D),. If the objective is to maximize to the summation of
the lift-to-drag ratio at both design points, the optimum wing here
would be W7860, which is the single-point design wing at design
condition 2.

Table 4 presents section areas and maximum thickness ratios of
the design wings. All the wing sections satisfy the area constraints
of Eq. (7) except the third design section of the dual-point design
(w =0.75) wing. This mightbe causedby the 10th-orderpolynomial
used for fitting the design section contours. As in the Mach design
example, the maximum thickness ratios of the design wings are

Table4 Angle o design: section areas
and maximum thickness ratios

A (t/c) x 100; %
Wing ds1? ds2 ds3 dsl ds2  ds3
W7850  0.0920 0.0720 0.0720 13.4 109 11.1
W7860  0.0900 0.0720 0.0719 13.6 109 11.1

w=0.75 0.0918 0.0717 0.0728 13.5 10.8 11.2

#Design section, ds.

Y

0

o Design ( w=0.75)

W7850 W7860 o Design (w=0.75 )
Cr = 0.60

Fig. 9 Angle o design result: upper surface pressure contours at
Mo =0.78.

24.0
L/D

23.5

asor ---{>--- w7850 ©
I - -3-- w7860
- —~A—— alpha design (w =0.75) RS
225 {
. A R R
0.45 0.50 CL 0.55 0.60

Fig. 10 Cy, vs L/D curves at Mo, =0.78.

successfully constrained in a way that they are similar to those of
the baseline wing (W7850).

Figure 7 shows the pressure distributions at design condition 1
and the wing section shapes at each design section. The secondary
point design wing (W7860) has a stronger shock wave compared
to the other two wings. Pressure distributions at design condition 2
are presented in Fig. 8. W7860 renders almost identical pressure
distributions with the target pressures. W7850 has a strong shock,
whereas the shock strength is much reduced in the o design wing.

Figure 9 shows upper surface pressure contours of W7850,
W7860, and the o design wing at both design conditions. W7860
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exhibits a stronger shock outboard than the other two wings at de-
signpoint1 (C;, =0.5). Atdesignpoint2 (C, =0.6), a strong shock
occurs on the upper surface of W7850, but the o design wing has a
weaker shock than W7850.

C, vs L/D curves are also shown in Fig. 10. The lift-to-drag
ratios are increased from those of the baseline wing (W7850) by the
o design at lift coefficients other than 0.50.

We did not compare the dual-pointdesign wings with the wing by
shape averagingproposedby Mineck et al.® explicitly. However, it is
noted that the presentdesign wings would show better performances
than a wing by shape averaging because the dual-pointdesign wing
shows more than average performanceof the two single-pointdesign
wings.

Conclusions

We performed a multipoint inverse design study of transonic
wings. A target pressure optimization code with a GA was used
for the specification of target pressure distributions at each design
condition. A weighted average of residuals at two design points is
minimized by the conjugate gradient method. Characteristics of the
single-point design wings are transferred to the dual-point design
wings proportionally to the weighting factors. The dual-point de-
sign wings show better performance than the single-point design
wings at the secondary design condition, while maintaining high
performance at the primary design condition. The computational
costrequired in the dual-pointdesign procedure with three weight-
ing factors is about 12 times that of a flow solver. Therefore, poor
performances of single-point designed wings at off-design condi-
tions can be improved very efficiently with the present dual-point
design method.
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